Draft Copy
APPLYING ENGINEERING MATHEMATICS

UNIT CODE: CON/CU/BUT/CC/01/6
Relationship to Occupational Standards
This unit addresses the unit of competency: Apply engineering mathematics

1.1 Introduction of the Unit of Learning / Unit of Competency

This unit describes the competencies required by a technician in order to apply algebra apply
trigonometry and hyperbolic functions, apply complex numbers, apply coordinate geometry,
carry out binomial expansion, apply calculus, solve ordinary differential equations, carry out
mensuration, apply power series, apply statistics, apply numerical methods, apply vector theory
and apply matrix.

1.2 Summary of Learning Outcomes
1. Apply Algebra
2. Apply Trigonometry and hyperbolic functions
3. Apply complex numbers
4. Apply Coordinate Geometry
5. Carry out Binomial Expansion
6. Apply Calculus
7. Solve Ordinary differential equations
8. Carry out Mensuration
9. Apply Power Series
10. Apply Statistics
11. Apply Numerical methods
12. Apply Vector theory
13. Apply Matrix

1.2.1 Learning Outcome No.1 Apply Algebra

1.2.1.1 Introduction to the learning outcome

This learning outcome specifies the content of competencies required to Apply Algebra.lt
includes; Base and Index, Law of Indices, Indicial equations, Law of logarithms,
Logarithmic equations, Conversion of bases, Use of calculator, Reduction of equations,
Solution of equations reduced to quadratic form, Solutions of simultaneous linear
equations in three unknowns, Solutions of problems involving AP and GP.



1.2.1.2 Performance Standard
1.1 Calculations involving Indices are performed as per the concept.
1.2 Calculations involving Logarithms are performed as per the concept.
1.3 Scientific calculator is used in solving mathematical problems in line with
manufacturer’s manual.
1.4 Simultaneous equations are performed as per the rules.
1.5 Quadratic equations are calculated as per the concept

1.2.1.3 Information Sheet
a) Definitions

Algebra is the study of mathematical symbols and the rules for manipulating these
symbols; it is a unifying thread of almost all of mathematics. It includes everything

from elementary equation solving to the study of abstractions such as groups, rings, and
fields.

Well, in Algebra we don't use blank boxes, we use a letter (usually an x or y, but any
letter is fine). So we write:
X-2=4
It is really that simple. The letter (in this case an x) just means "we don't know this
yet", and is often called the unknown or the variable.
And when we solve it, we write:

X =6
b) Content
% Indices
An index number is a number which is raised to a power. The power, also known as

the index, tells you how many times you have to multiply the number by itself. For
example, 2° means that you have to multiply 2 by itself five times = 2x2x2x2x2 = 32

e Laws of indices-
There are six laws of indices-:
Law no. 1

This is the First law of Indices, which demonstrates that when multiplying two or
more numbers having the same base, the indices are added.
X" x™m = xntm

Law no. 2
This is the second law of indices, which demonstrates
that when dividing two numbers having the same base, the index in the
denominator is subtracted from the index in the numerator.

-

— = X — xM = yn-m
X



Law no. 3
This is the third law of indices, which demonstrates that when a number which
is raised to a power is raised to a further power, the indices are multiplied.
(xn)m — xm.n
Law no. 4
This is the fourth law of indices, which states that when a number has an index
of 0, its value is 1.
x0=1
Law no. 5

This is the fifth law of indices, which demonstrates that a number raised to a
negative power is the reciprocal of that number raised to a positive.

-n — ___
X —xn

Law no. 6

This is the sixth law of indices, which demonstrates that when a number is
raised to a fractional power the denominator of the fraction is the root of the
number and the numerator is the power.

xm = "o

Application of rules of indices in solving problems.

yixyPb=ya®
Examples -1 yasyb=yab

24 X 28 - 212
5% x 52 = 52
ym _
Example-2 == (n,[y)m
L _1
2—-3 = P
3-1 ==
3

Example- 3 (y™)™ = ynm

162=+16 =4
823 = (3\/8)2 =4



X/

Example-4 (x™)™ = x™"
2>+ 8¢

=25+ (2%*

— 95 4 912

Example-5 y°=1

50=1

Logarithms
If a is a positive real number other than 1, then the logarithm of x with base a is defined

by:
yZIOgaX or X:ay

e Laws of logarithms
There are Three Laws of Logarithms -:

(i) To multiply two numbers:
log (AX B)=log A+ log B
orlog,(xy) = log,x + log,y

The following may be checked by using a calculator:
gl0 =1

Also, log 5+log 2 = 0.69897. . .

+0.301029. . .= 1

Hence, log 6x2) = log10 = log 5+log 2

(ii) To divide two numbers:
Log(%) =log A—log B

Or log, (i) =log.,x — log,y

The following may be checked using a calculator:
In() = In25 = 0.91629. . .
Also, In5-In2 = 1.60943. . .-0.69314. . .

= 0.91629. ..
Hence,
@) = In5-In2



(iii) To raise a number to a power:
log An = nlog A
orlog,(x™) = nlog,x for every real number

The following may be checked using a calculator:
Ig52 =1g25=1.3979%. ..

Also, 21g5 = 2x0.69897. . .= 1.39794. ..
Hence, Ig 52 = 2Ig 5

e Simultaneous equations with three unknowns
Simultaneous equations are equations which have to be solved together to find the
unique values of the unknown quantities which are time for each of the equations.
Two methods of solving simultaneous equations analytically are:
(i) By substitution
(if) By elimination

Example-1

Solve the following simultaneous equation by substitution methods

3x—2y+ 2y+z=1........(0)
Xx—3y+2z=13 .o oo (i)
4x =2y +32=17 e cev v wn o (H0)

From equation (ii) x =134 3y —2z

Substituting these expression (13 + 3y — 2z for x gives)
3(13+3y—22)+2y+z=1
39+9y—-6z+2y+x=1

11y —5z= —-38....c.cce e ... (iv)
4(13+3y—2z)+3z—-2y =17

52+ 12y —8z+3z—2y =17

10y —5z=-35....(v)

Solve equation (iv) and (v) in the usual way,

From equations (iv) 5z = 11y + 38;z = =2

Substituting this in equation (v) gives



10y—5(

11y + 38
)

10y — 11y — 38 = —35

—y=-35+38=3

y=-3

_11y+38  -33+38 5

VA

5

5 5

But x =13+ 3y — 2z

x=13+3(-3) - 2(1)
=13-9-2

=2

Therefore, x =2, y = =3 and z = 1 is the required solution?

For more worked examples on substitution and elimination method refer to Engineering
Mathematics by A.K Stroud.

% Quadratic Equations
Quadratic equation is one in which the highest power of the unknown quantity is 2. For
example, 2x? —3x — 5 = 0 is a quadratic equation? The general form of a quadratic
equation is ax? + bx + ¢ = 0,where a,b and c are constants and a #
0 of solving quadratic equations.

By factorization (where possible)
By completing the square

By using quadratic formula
Graphically

» Solution of Quadratic equations by factorization method
Multiplying out (x +1)(x —3) gives x>—3x +x —3 i.e. x> —2x —3. The reverse process of
moving from x> —2x =3 to (x +1)(x —3) is called factorising.

Example -1

Solve the quadratic equation x? — 4x + 4 = 0 by factorization method

Solution

x°—4x+4=0

x2—=2x—-2x+4=0

x(x—2)—-2(x—2)=0
x—2)x—2)=0

e, x—2=0 orx—2=0

XxX=2o0rx=2



i.e., the solution is x = 2(twice)

» Solution of Quadratic equations by Completing the Square method

An expression such as x2or (x +2)% or (x —3)2is

called a perfect square.

If X2 = 3 then x =+V/3

If (x +2)? = 5 then x +2=+5 and x =—2+\5

If (x —3)% = 8 then x —3=+\8 and x = 3+\8
Hence, if a quadratic equation can be rearranged so that one side of the equation is a
perfect square and the other side of the equation is a number, then the solution of
the equation is readily obtained by taking the square roots of each side as in the above
examples. The process of rearranging one side of a quadratic equation into a perfect
square before solving is called ‘completing the square’.

(x +a)? = x? +2ax +a?
Thus, in order to make the quadratic expression x?+2ax into a perfect square, it is

2
necessary to add (half the coefficient of x)?, i.e. (27“) or a?

For example, x? +3x becomes a perfect square by
2
Adding (2) ie.
5 3\ 2 3\2
X+3xe (3) = (x+3)
Example-1
Solve 2x? +5x = 3 by completing the square
The procedure is as follows.

() Rearrange the equation so that all terms are on the same side of the equals sign (and the
coefficient of the x2 term is positive).

Hence,
2x% +5x -3 =0
(i) Make the coefficient of the x2 term unity. In this case this is achieved by dividing
throughout by 2.
Hence,
2
2 X3
2 2 2
ie. X+ Z4i-9
2 2

(iii) Rearrange the equations so that the x? and x terms are on one side of the equals sign and
the constant is on the other side.
Hence,

53
X2+ 2x ==
2 2



(iv) Add to both sides of the equation (half the coefficient of x)2. In this case the coefficient

. 5 . . 5\ 2
of x is (5) Half the coefficient squared is therefore (Z)
Thus,

5 2 3 2
e de (=240
2 4 2 4
The LHS is now a perfect square, i.e.
5 2_3 5 2
(x+3) =3 +(3)
(v) Evaluate the RHS. Thus,
2 3 25 24425 _ 49
(e Y= 5=

2 16 2 16

(vi) Take the square root of both sides of the equation
(remembering that the square root of a number
gives a = answer). Thus,

(x+3) = (%)

) 5 7
ie. x+ -= +-
2 4

(vii) Solve the simple equation. Thus,

5 7
X=—= -
2 4
5 7 _2_1
x=—=+-=-=-0r0.5
2 4 4 2
5 7 12
X=—-—=-=——=-3
2 4 4

Hence, x = 0.5 or x = =3; i.e. the roots of the equation
2x? +5x = 3 are 0.5 and —3

For more worked examples on how to solve quadratic equations using, factorization,
completing the square, quadratic formula refers to basic engineering mathematics by J.O
Bird, Engineering mathematical by K.A Stroud etc.

% Arithmetic Projection(A.P.) and Geometric Projection (G.P.)
» Arithmetic projection (A.P.)

When a sequence has a constant difference between successive terms it is called an arithmetic
progression (often abbreviated to AP).



Examples-1
Find the general term of the A.P given by x + b, x+3b, x+5b....

Solution: here a= x + b,

d=x+3b - (x + b)

d=x+3b-x-b

Therefore, d=2b

The general term is given by the formula
an=a+(n-1) d

an=X+b+tn(n-1)2b

therefore, an=x+(2n-1) b

Example-2

show that a2, b2, c2are in AP if — , — —are in AP
b+c ' c+a’

Solution: since —— , —— —are in AP

b+c ' c+a’
The common difference between the terms will be the same

1 1 1
b+c a+b c+a

1
Therefore — —
c+a

b—a _ c-b
(c+a)(b+c) (c+a)(a+b)

Cross multiply
(b+a)(a-b)=(b+c)(c-b)
i.e., b>—a?=c?-b?

Thus a2, b?, ¢ are in AP
Example-3

The sum of 4™ and 8™ term of an AP is 24 and the sum of the 6™ and 10" terms is 34.
Find the first term and the common difference of the AP

Solution: Here a4 +ag= 24 and ag + a10 = 34

A+3d+a+7d=24...... [used the formula an = a + (n — 1)d]



2a+10d =24
Divide by 2

now we have, a6 + al0 = 34
a+bd+a+7d=34

2a+14d=34

solving equation 1 and 2 simultaneously we get

d=2anda=—
2 2
Example-4

Write GP if a=128 and common ratio r = %

Solution: general form of GP = a, ar, ar?, ar®.........
128, -64, 32, -16, ...............

Formula for n' term GP is a, = ar™?

Example-5
Find the 10" and the n™ term of a geometric sequence % %, g % .........
Formula for the nth term GP is a, = ar™?
th _ (7 1\g _ (7 1 _ 7
10" term of the GP = (7) x (3)° = (3)  (557) =(057)
1.2.1.4 Learning Activities.
Learning Outcome, No 1: Apply Algebra
Learning Activities Special Instructions

e Perform calculations involving indices as per the concept | Carryout various

e Perform calculations involving logarithms as per the | EXErCISES In order to
concept gain confidence in

e Solving simultaneous as per the rules algebra

e Solving quadratic equations as per the concept

1.2.1.5 Self-Assessment
This section must be related with the Performance Criteria, Required Knowledge and
Skills and the Range as stated in the Occupational Standards.



Q1. (a) Solve the following by factorization
(i) x?+2x—8=0
(b) Solve by completing the square the following quadratic equations
(i) 2x2+3x—6
Q.2 Simplify as far as possible
(i) log(x?* — 4x + 3) — log(x — 1)
(i) 2log(x — 1) — log(x? — 1)

Q.3 Solve the following simultaneous equations by the method of substitution
x+3y—z=2
2x —2y+2z=2
4x -3y +5z=5

Q.4 Simplify the following

1 1
F = (22y+)* +\/§x2'y6x (‘h/xzy‘*)‘E

1.2.1.6 Tools, Equipment, Supplies and Materials for the specific learning outcome
HELM - Helping Engineers Learn Mathematics Workbooks

SIGMA - Summary sheets covering key areas in Mathematics
Lecture Notes - For the engineering analysis modules
Links to (online) textbooks available in the LIS

Links to external sites

1.2.1.7 References (APA)

Greenberg, M.D. (1998), Advanced Engineering Mathematics, 2nd ed., Prentice Hall
(Upper Saddle River, N.J).

Hildebrand, F.B. (1974), Introduction to Numerical Analysis, 2nd ed., McGraw-Hill
(New York).



Hildebrand, F.B. (1976), Advanced Calculus for Applications, 2nd ed., Prentice-Hall
(Englewood Cliffs, NJ).

Hoyland, A., Rausand, M. (1994), System Reliability Theory: Models and Statistical
Methods, John Wiley (New York).

Kaplan, W. (1984), Advanced Calculus, 3rd ed., Addison-Wesley (Cambridge, MA).

Kreyszig, E. (1999), Advanced Engineering Mathematics, 8th ed., John Wiley (New
York).

O'Neil, P.V. (1995), Advanced Engineering Mathematics, 4th ed., PWS-Kent Pub.
(Boston).

1.2.1.8 Suggested answers to self-assessment
Q1. (a) Solve the following by factorization x% + 2x —8 = 0
Solution
x> —2x+4x—-8=0
x(x—2)+4(x—-2)=0
x+4)(x—2)=0

x+4)=0
x=—4 or
(x—2)=0
x =2

(b) Solve by completing the square the following quadratic equations 2x? + 3x —6 =0

2x2  3x 6 _

-=0
2 2 2
3 6
x*+-x—-=0
2 2

2
3 6 9 48+9 57
<x+—) =-4+—= —= —
2 16 16 16

CHENG

X +% = 4+3.5625 ans



x= =2 +35625

x= —§+3.5625 = 2.8125ans

or x= —%— 3.5625 = — 4.3125 ans =

Q.2 Simplify as far as possible  log(x? — 4x + 3) — log(x — 1)
Solution

log (Z557)

tog (“55)

log (x(x—l)—s(x—l))

(x-1)

log ((x—3)(x—1))

(x-1)

00 (2

log(x — 3) ans

Q.3 Solve the following simultaneous equations by the method of substitution
x—=y+z=10......(0)
3x+y+2z=34.......... (i1)
—5x 4+ 2y —z=-14 ......(iii)
Solution;
Step 1- make x the subject formula in eq. (i)

x+y—z=10

Step 2- substitute for x in eq. (ii) and form eq. (iv)
3(10+y—z )+y+2z=34
30+3y—3z+y+2z=34
4y —z—4=0...... (iv)
Step 3- substitute for x in eq. (iii) and form eq. (v)
—5(10+y—z )+2y—z=-14
—50—-5y+5z+2y—z=-14
—3y+4z—-36=0....... (v)



Step 4- Solve for y and z in eq. (iv) and eq.(v)

Step 5- make z the subject in eq. (iv)
z=4y—4
Step 6- substitute for z in eq. (V)
—3y+4(4y—4)—36=0
—3y4+16y—16—36=0

13y =52
v =(5)= 4
y= 4ans

step 7- substitute for y in eq. (iv) , hence solve for z
4y—z—-4=0
44)—z—4=0

16 —z—4=0
z=16—-4
z=12 ans

step 8- substitute for y an z in eq. (i) , hence solve for x
x=10+y—z
x=10+4—-12

X =2 ans

1.2.2 Learning Outcome No.2 - Apply trigonometry and hyperbolic functions

1.2.2.1 Introduction to the learning outcome
This learning outcome specifies the content of competencies required to Apply
Trigonometry and hyperbolic functions. It includes; Half -angle formula, Factor formula,
Trigonometric functions, Parametric equations, Relative and absolute measures,
Measures calculation, Definition of hyperbolic equations, Properties of hyperbolic
functions, Evaluations of hyperbolic functions Hyperbolic identities, Osborne’s Rule,
Ashx + bshx = C equation, One-to-one relationship in functions, Inverse functions for



one-to-one relationship, Inverse functions for trigonometric functions, Graph of inverse
functions and Inverse hyperbolic functions.

1.2.2.2 Performance Standard

2.1 Calculations are performed using trigonometric rules.
2.2 Calculations are performed using hyperbolic functions.

1.2.2.3 Information Sheet

a) Trigonometric ratios
The three trigonometric ratios derived from a right - angled triangle are the same,
cosine and tangent refer to basic engineering mathematics by J.0 Bird to read move
about trigonometry ratios.

Solution of right-angled triangles:

To solve a triangle means to find the unknown sides and angles, this is achieved by
using the theorem of Pythagoras and or using trigonometric ratios.

Example-1
In a triangle PQR shown below find the length of PQ and PR

PQ PQ
ton380 =—=_=
on OR 75
Hence
PQ =7.5X tan 380 =75x0.7813 =5.86cm
QR 7.5
0 = — = —
cos 38 PR — PR
PR =-—2_="5_=9518cm

c0s38°  0.7880

For more worked examples refer to basic engineering mathematics by J.) Bird. Also use
it to learn about angles of elevation and depression.



Compound angle formulae

e Sin(A+B)=SinAcosB + Cos AsinB

e Cos(A+B)=CosAcosB¥SinASinB

tan A+tan B

¢ tan(A + B) = 1F¥tan A tanB

Refer to technician mathematics book 3 by J.O Bird and learn more about compound
angle formulae

Conversion of a cos wt + b sin wt into the general form R Sin(wt + 2)
Let a Cos wt + b Sin wt = R Sin(wt+«)

Expanding the right-hand side using the compound angle formulae gives

Acoswt+bSinwt = R(Sinwt Cos x +coswt sin x) =R cos « |Sinwt +
R Sin « Coswt

Equating the coefficients of Cos wt on both sides gives.

a
a=RSin«xieSin OCZE

Equating the coefficients of Sin wt on both sides gives

b
b=Rcosx i.eCos OC:E

If the values of a and b are known, the values of R and a can be calculated.

From Pythagoras theorem.



Diagram

R = \/a? + b2

And from trigonometric ratios,

Example -2
Express 3 Sin 6 + 4 Cos6 in the general form R Sin(6 + a)

Let3Sin@ +4Cos8 =RSin (6 + )
Expanding the right-hand side using the compound angle formulae gives

3Sin8 +4 Cos 8 =R [Sind Cosa + Cos 0 Sina |

=R cosa Sinf + R SinaCos 0

Equating the coefficient of:

4
Cosf; ==RSinai.eSina = 2
Sing: 3 = RCosai.e Cosaz%

This the values of R and « can be evaluated.

Diagram

R=42+32=5

4
a= tan‘1§ = 53.13%r 233.13°

Since both Sin a and Cos a are positive, r lies in the first quadrant where all are
positive, hence 233.13° is neglected.



Hence

3Sin6 + 4 Cos 6 =5 Sin (6 + 53.139)

Example-3

Solve the equation 3 Sin 6 + 4 Cos 6 = 2 for values of 6 between 0° and 360°
inclusive

Solution

From the example above

3Sinf +4 Cos 6 =5 Sin (6 + 53.13%

Thus
5 Sin(a + 53.13%) =2

2
Sin(6 + 53.13%) = <

2
6+ 53.13° = Sin"lg

6 + 53.13° = 23.58% or 156.42°
6 = 23.58° — 53.13%= —29.55°
=330.45°

OR 6 = 156.42° — 53.13°
=103.29°

Therefore, the roots of the above equation are 103.29° or 330.45°

For more worked examples refer to Technician mathematics book 3 by J.) Bird.



b) Double /multiple angles

For double and multiple angles refer to Technician mathematics by J.O Bird

c) Factor Formulae
For worked exampled refer to Technic mathematics book 3 by J. O Bird, Pure
mathematics by backhouse and Engineering mathematics by KA Stroud.

d) Half —angle formulae
Refer to pure mathematics by backhouse and Engineering mathematics by K.A
STROUD

e) Hyperbolic functions
Definition of hyperbolic functions, Sinhx cosh x and tanh x

Evaluation of hyperbolic functions

Hyperbolic identities

Osborne’s Rule

Solve hyperbolic equations of the form a coshx + bSinhx = C

For all the above refer, to Engineering mathematics by KA Stroud.

1.2.2.4 Learning Activities

Learning Outcome No. 2: Apply trigonometry and hyperbolic
functions

Learning Activities Special Instructions

Carry out various exercises in
order to gain confidence in
trigonometry and hyperbolic
functions

Perform calculations using
trigonometric rules

Perform calculations using hyperbolic
functions

1.2.2.5 Self-Assessment
Q1. Asurveyor measures the angle of elevation of the top of a perpendicular building
as19°. He moves 120m nearer the building and measures the angle of elevation as47°.
Calculate the height of the building to the nearest meter.



Q2. Solve the equation 5cos @ + 4 Sin® =5 for values of 6 between 0° and 360°
Inclusive.

Q3. Prove the following identifies;
(i) Cosh 2x = cosh®?x + Sinh*x
(ii)Sinh(x + y)Sinh Coshy + coshy Sinhx
Q4. Solve the equation 3 Sin hx + 4 Coshx =5

1.2.2.6 Tools, Equipment, Supplies and Materials for the specific learning outcome

HELM - Helping Engineers Learn Mathematics Workbooks
SIGMA - Summary sheets covering key areas in Mathematics
Lecture Notes - For the engineering analysis modules

Links to (online) textbooks available in the LIS

Links to external sites

1.2.2.7 References (APA)
Greenberg, M.D. (1998), Advanced Engineering Mathematics, 2nd ed., Prentice Hall
(Upper Saddle River, N.J).

Hildebrand, F.B. (1974), Introduction to Numerical Analysis, 2nd ed., McGraw-Hill (New
York).

Hildebrand, F.B. (1976), Advanced Calculus for Applications, 2nd ed., Prentice-Hall
(Englewood Cliffs, NJ).

Hoyland, A., Rausand, M. (1994), System Reliability Theory: Models and Statistical
Methods, John Wiley (New York).

Kaplan, W. (1984), Advanced Calculus, 3rd ed., Addison-Wesley (Cambridge, MA).

Kreyszig, E. (1999), Advanced Engineering Mathematics, 8th ed., John Wiley (New
York).

O'Neil, P.V. (1995), Advanced Engineering Mathematics, 4th ed., PWS-Kent Pub.
(Boston).

1.2.2.8 Suggested responses to self-assessment

Q1. A surveyor measures the angle of elevation of the top of a perpendicular building
as19°. He moves 120m nearer the building and measures the angle of elevation
as47°. Calculate the height of the building to the nearest meter.



Solution 1 ;

:‘)gba

h

- 47 199 T~
X Bk— 120m —IC

£ BAC =47°-19° = 2Q° (exterior angle = sum of opposite interior angles)
Applying the Sine Rule to AABC,

we hove BC _ AB
sin 28" sin 19°

=5 > sin19°
AB = BC sin19
sin 2K°

=120(0.6935) = 8322
In right angled AAXB,

h=ABsn47°
= 8322 sin47°
=60.86m

https://ask.manytutors.com/questions/70856

Q2. Solve the equation 4 cos 8 + 3Sin@ =5 for values of 6 between 0° and 360°
Inclusive

Solution 2
4cosf@+3Sin@ =5

4cos0 + 3V1 — cos20 = 5

3v1 — cos?0 = 5 — 4cosb
Squaring both sides

9(1 — cos?8) = (5 — 4cos?0)?

9(9 — 9co0s?8) = (5 — 4co0s?6)?

9 — 9cos?0 = 25 + 16co0s?0 — 40cosb

25 — 16c0s%0 — 40cosO — 9 + 9cos?0 = 0
25c0s%0 — 40cosf + 16 = 0



(5c0s0)?> — 2 X 5c0s0 X 4+4%2 =0

(5co0s0 —4)?2 =0
5c0s0 —4 =0
cosf =2
5
Substitute for cos@ in the equation

4cosf+3SinB =5

4x§+35in9=5

%—5=3Sin0
3Sing =52
Sinf = ——
15
Sinf = =
15
Then, tan 6 = sin 0
cos 0
-3
tan 8 = 1T5
5
tan 8 = _73= —0.75

(i) 6 = —36.89° ans
(ii) 6 = 143.11° ans

Q3. Prove the following identifies;

(i) Cosh 2x = cosh?x + Sinh?x

solution
x —-X x
using formula (1 + x)* =1 + 2 +2e + % + -
e¥—e™*

X —X

and Sinh x =

e +e
Coshx =

Right hand = cosh?x + Sinh?x

—xs 2
ex_e X

— 2
(57) + (%)
e2X_24e72X

4

2x —2Xx
e“*+2+e
+
4




_ e2X42+e X e2X 242X
- 4

2e2X42e72%%
4

2(e?*+e~2%%)
4

= — = Cosh 2x (left hand side)

Q4. Solve the equation 3 Sin hx + 4 Coshx =5

Solutions

1.2.3 Learning Outcome No.3- Apply Complex Number

1.2.3.1 Introduction to the learning outcome

This learning outcome specifies the content of competencies required to apply complex
numbers. It includes; Definition of complex numbers, Stating complex numbers in
numbers in terms of conjugate argument and, Modulus, Representation of complex
numbers on the Argand diagram, Arithmetic operation of complex numbers Application
of De Moivre’s theorem and Application of complex numbers to engineering

1.2.3.2 Performance standard

3.1 Calculations are performed using trigonometric rules
3.2 Calculations are performed using hyperbolic functions
3.3 Calculations involving complex numbers are performed using De Moivre’s theorem

1.2.3.3 Information Sheet
a) APPLY COMPLEX NUMBER

A number of the form a + ib is called complex number where a and b are real
numbersand i =+—1 wecall 'a’ the real part and ‘b’ the imaginary part of the
complex a + ib if a = o then ib is said to be purely imaginary, if b = 0 the
number is real.

Pair of complex number a + ib are said to be conjugate of each other.

*

¢ Addition and subtraction of complex numbers

Addition and subtraction of complex numbers is achieved by adding or subtracting the
real parts and the imaginary parts.



Example 1

(4+j5)+ (B3 —j2)

(4+j5)+B—j2)=4+j54+3—2

=(4+3)+j(5-2)

=7 43

Example 2
4+j7)—Q2—js)=4+j7—-2+js=@4—-2)+j(7+5) =2 +j12

X/

% Multiplication of complex numbers
Example 1

(3 +j4)(2 +j5)

6 +j8+j15+ %20

6 + j23 — 20 (sincej? = —1)

=—14 + j23
Examples 2

(5+,8)(5—j8)

(5+,8)(5—j8) =25 + j40 — j40 — j264

= 25+ 64 =89

A pair of complex numbers are called conjugate complex numbers and the product of
two conjugate. A Complex number is always entirely real.

cosf + jsinO

% Argand diagram
Although we cannot evaluate a complex number as a real number, we can represent
diagrammatically in an argand diagram. Refer to Engineering Mathematics by K.A
Stroud to learn more on how to represent complex numbers on an argand diagram. Use
the same back learn three forms of expressing a complex number.

% Demoivre’s Theorem
Demoivre’s theorem states that [r(cosf + jsin@)]™ = r™(cosn6 + jsinn6)

It is used in finding powers and roots of complex numbers in polar

Example -1



Find the three cube roots of z = 5(c0s225° + jsin225°)

1 2259 2259
Zy=1273|Cos 3 + jsin 3

1.71 (cos75° + jsin75°
z; = 1.71 (cos75° + jSin75%)be roots are the same size (modules) i.e., 1.71 and

. 3600 . 0
separated at intervals of — e 120

z 50
1=1.71—

Z2=1.71 cos(195°+jSin195°

z = 1.71 (315%+Sin315)

Sketched Argand diagram.

Refer to engineering mathematics by K.A Stroud and learn more on how to find the
expansion of :

cos™@ and cos™@

K/

% Loci problems
We sometimes required to find the locus of a point which moves in the Argand diagram

according to some stated condition.

Examples-1



If Z = x + jy, find the equation of the locus [ﬂ] =2

z—1
sinZ = x + jy.
(ﬂ) N :(z_l): [(r+1)% +y2]

z-1) T2 Z2 [(x-1)2)+ y?]
[Cx +1)* + y?]
(x —1)2+y?

(x+1)% +y?
“a-nrryr
S+ 1D?2+yr=4((x—D2+y?)
x2+2x+1+y2=4(x*>-2x+1+y?)
=4x% — 8x + 4 + 4y?

o 3x2-10x+3+3y%2 =0

1.2.3.4 Learning Activities
Learning Outcome No. 3 APPLY COMPLEX NUMBER

Learning Activities Special Instructions

Preparing complex numbers using Argand diagrams | Carryout various exercises
. . . in order to gain confidence
Performing operations involving complex number .

in complex numbers
Performing calculations involving complex number

using De Moirés theorem

1.2.3.5 Self-Assessment
1. Find the fifth roots of —3 + j3 in polar form and in exponential form

2. Determine the three cube roots of 2% giving the results in a modulus/ argument
form.

3. Express the principal root in the form a + jb

4. If z=x + jy, where x and y are real, show that the locus (%) =2isa

circle and

5. Determine its center and radius.

1.2.3.6 Tools, Equipment, Supplies and Materials for the specific learning outcome
HELM - Helping Engineers Learn Mathematics Workbooks



SIGMA - Summary sheets covering key areas in Mathematics
Lecture Notes - For the engineering analysis modules
Links to (online) textbooks available in the LIS

Links to external sites

1.2.3.7 References (APA)
Greenberg, M.D. (1998), Advanced Engineering Mathematics, 2nd ed., Prentice Hall
(Upper Saddle River, N.J).

Hildebrand, F.B. (1974), Introduction to Numerical Analysis, 2nd ed., McGraw-Hill
(New York).

Hildebrand, F.B. (1976), Advanced Calculus for Applications, 2nd ed., Prentice-Hall
(Englewood Cliffs, NJ).

Hoyland, A., Rausand, M. (1994), System Reliability Theory: Models and Statistical
Methods, John Wiley (New York).

Kaplan, W. (1984), Advanced Calculus, 3rd ed., Addison-Wesley (Cambridge, MA).

Kreyszig, E. (1999), Advanced Engineering Mathematics, 8th ed., John Wiley (New
York).

1.2.4 Learning Outcome No.4 - Apply Co-ordinate Geometry

1.2.4.1 Introduction to the learning outcome
This learning outcome specifies the content of competencies required to Apply
coordinate geometry. It includes; Polar equations, Cartesian equation, Graphs of polar
equations, Normal and tangents, Definition of a point, Locus of a point in relation to a
circle and Loci of points for given mechanism.

1.2.4.2 Performance standards

4.1 Polar equations are calculated using coordinate geometry.
4.2 Graphs of given polar equations are drawn using the Cartesian plane



4.3 Normal and tangents are determined using coordinate geometry

1.2.4.3 Information Sheet
a) Introduction

The position of a point in a plane can be represented in two forms
Cartesian co-ordinate (x,y)
Polar co-ordinate (r, 9)

The position of a point in the corresponding axis can therefore generate Cartesian and
polar equations which can easily change into required form to fit the required result.

Example-1

Convert r? = sin#é into Cartesian form.

X .
cosO == ; sinf = Y
y X

Form Pythagoras theorem r2? = x2 + y?

r2 = sinf
y

2 2y = 2
(x*+y°) .
(x> +yHr=y

(x? +y?)(x? + yz)% =y
(2 +y2)2 =y
Example- 2
Find the Cartesian equation of
r = a(1 + 2cos)i) rcos(0 —a) =p
[The Cos6 suggest the relationX = C0S6, so multiplying through by r}

1?2 =a(r + 2rcosh)
cxt+y?=a (w/(x2 +y?2) + Zx)
Lx2+y? 4 2x = ay(x2+y2?)

Therefore, the Cartesian equation of r = a(1 + 2cos) (x? + y% — 2ax)? = a?(x? + y?)
rcos(0 —a) =p

cos(6 — a) May be expanded

s rcosfOcosa + rsinfsina = p

Therefore, the Cartesian equation of rcos(6 — @) = p is xcosa + ysina = p



Example- 3
Find the polar equation of the circle whose Cartesian equation is x? + y? = 4x

x2+y? =4x

Put x = rcosf,y = rsin6, then

r2c0s%0 + r?sin?6 = 4rcos6

o 12 = 4rcosh

Therefore, the polar equation of the circle is 72 = 4rcos6.

For more information on the conversion of Cartesian equation to polar equation and vice
versa refer to pure mathematics by J.K Backhouse

r = 4acotBcosecl

b) Equation of a Tangent Line in Cartesian Coordinates
Suppose that a function y=f(x) is defined on the interval (a, b) and is continuous
at Xo€(a, b). At this point (the point M in Figure 1), the function has the value yo=f(Xo).

YA

Yot Ay

Figure 1

https://www.math24.net/tangent-normal-lines

Let the independent variable at X0 has the increment Ax. The corresponding increment of

the function Ay is expressed as
Ay=t(x0+Ax)—1(x0).

In Figure 1, the point M1 has the coordinates (x0+Ax,y0+Ay). We draw the

secant MML1. Its equation has the form


https://www.math24.net/tangent-normal-lines

y—y0=k(x—x0),
where K is the slope coefficient depending on the increment Ax and equal
k=k(Ax) =AyAx.

When Ax decreases, the point M1 moves to the point M: M1—M. In the limit Ax—0 the
distance between the points M and M1 approaches zero. This follows from the continuity
of the function f(x) at x0:

limAx—0Ay=0, =limAx—0[MM! [=limAx—0V(Ax)2+(Ay)2=0.

The limiting position of the secant MML1 is just the tangent line to the graph of the
function y=f(x) at point M.

There are two kinds of tangent lines — oblique (slant) tangents and vertical tangents.
Definition 1.

If there is a finite limit limAx—O0k(Ax) =kO0, then the straight line given by the equation
y—y0=k(x—x0),

is called the oblique (slant) tangent to the graph of the function y=f(x) at the point (Xo,
Yo).

Definition 2.

If the limit value of k as Ax—0 is infinite: limAx—0k(Ax) =+, then the straight line

given by the equation
x=X0,
is called the vertical tangent to the graph of the function y=f(x) at the point (x0,y0).

It is important that

kO=limAx—0k (A X) =limAx—0AyAx=f'(x0),

that is the slope of the tangent line is equal to the derivative of the function f(x0) at the
tangency point x0. Therefore, the equation of the oblique tangent can be written in the

form

y—y0=f'(x0) (x—x0) or y=f'(x0) (x—x0) +f(x0).


https://www.math24.net/continuity-functions/
https://www.math24.net/continuity-functions/

Since the slope of a straight line is equal to the tangent of the slope angle o, which the
line forms with the positive direction of the x-axis, then the following triple identity is

valid:

k=tano=f'(x0).

Equation of a Normal Line in Cartesian Coordinates

A straight line perpendicular to the tangent and passing through the point of

tangency (x0, y0) is called the normal to the graph of the function y=f(x) at this
point (Figure 2).

https://www.math24.net/tangent-normal-lines

From geometry it is known that the product of the slopes of perpendicular lines is equal

to —1. Therefore, knowing the equation of a tangent at the point (x0, y0):
y—y0=f'(x0) (x—x0),

we can immediately write the equation of the normal in the form
y—y0=—1f(x0) (x—x0).

Suppose that a curve is defined by a polar equation r=f(8), which expresses the
dependence of the length of the radius vector r on the polar angle 6. In Cartesian

coordinates, this curve will be described by the system of equations

{x=r cos 6=f(0)cos 6 y=r sin 6=£(0)sin 6.


https://www.math24.net/tangent-normal-lines
https://www.math24.net/straight-line-plane/
https://www.math24.net/derivatives-polar-functions/

Thus, we have written the parametric equation of the curve, where the angle 0 plays the
role of a parameter. Next, it is easy to obtain an expression for the slope of the tangent to
the curve at the point (x0, y0):

k=tan 0=y’ 0 x' 0= (rsin0) ' (rcos 0) '=r' 6sin® +rcos6r' 6 cos O —rsin 6.

As a result, the equations of the tangent and normal lines are written as follows:

y—yo=y'0 X'0(x—x0) (tangent),
y—y0=—x'0 y'0(x—x0) (normal).

The study of curves can be performed directly in polar coordinates without transition to
the Cartesian system. In this case, instead of the angle 6 with the polar axis (i.e. with the
positive direction of the x-axis), it is more convenient to use the angle B with the line

containing the radius vector r (Figure 3).

YA tangent
r=1(0)
P
normal r
M(XO, 36)

r

0
0 X

https://www.math24.net/tangent-normal-lines

The tangent of the angle B is calculated by the formula
tanf=r r'0.

The angle formed by the normal and the extended radius vector is p+n2. Using

the reduction identity, we get:

tan (B+m2)=-cotPp=-tanP=r"Or


https://www.math24.net/tangent-normal-lines
https://www.math24.net/cofunction-reduction-identities/

Example 1

Find the equation of the tangent to the curve y = x at the point (1,1)
Solution.

y'=f(x)=(\x) '=12Vx

fi(x0) =f(1)=12V1=12

Xo=1, yo=1, f'(Xo) =12

Substitute the 3 values into the equation of the tangent line:
y—yo=f'(Xo) (X—Xo).

These yields:

y—1=12(X-1)
y—1=X2-12
y=X2-12+1
y=X2+12.

Answer: y=X2+12.

c) Point
A point is the most fundamental object in geometry. It is represented by a dot and named
by a capital letter. A point represents position only; it has zero size (that is, zero length,
zero width, and zero height).

d) Locus
A locus is the set of all points (usually forming a curve or surface) satisfying some
condition. For example, the locus of points in the plane equidistant from a given point is
a circle, and the set of points in three-space equidistant from a given point is a sphere.

1.2.4.4 Learning Activities

Learning Outcome No. 4 APPLY CO-ORDINATE GEOMETRY

Learning Activities Special Instructions

Calculating polar equations using coordinate geometry Carryout various
exercises in order to gain

Drawing graphs of given polar equations using the Cartesian confidence in Geometry

plane

Determining normal and tangents using coordinate geometry



https://mathworld.wolfram.com/Circle.html
https://mathworld.wolfram.com/Sphere.html

1.2.4.5 Self-assessment
1. Obtain the polar equation of the following loci

x% +y? = q?

x2 —y%=q?
y=20
y? = 4a(a — x)
x2+y2-2y=0
xy = c?
2. Obtain the Cartesian equation of the following loci
r=2
a(l+cosh)
r = acos6
r = atan6
r = 2a(1l + sin26)

2r?sin26 = c¢?

l
— =1+ 8cosb
r

1.2.4.6 Tools, Equipment, Supplies and Materials for the specific learning outcome
HELM - Helping Engineers Learn Mathematics Workbooks
SIGMA - Summary sheets covering key areas in Mathematics
Lecture Notes - For the engineering analysis modules
Links to (online) textbooks available in the LIS
Links to external sites

1.2.4.7 References
Greenberg, M.D. (1998), Advanced Engineering Mathematics, 2nd ed., Prentice Hall
(Upper Saddle River, N.J).
Hildebrand, F.B. (1974), Introduction to Numerical Analysis, 2nd ed., McGraw-Hill
(New York).
Hildebrand, F.B. (1976), Advanced Calculus for Applications, 2nd ed., Prentice-Hall
(Englewood Cliffs, NJ).
Hoyland, A., Rausand, M. (1994), System Reliability Theory: Models and Statistical
Methods, John Wiley (New York).
Kaplan, W. (1984), Advanced Calculus, 3rd ed., Addison-Wesley (Cambridge, MA).
Kreyszig, E. (1999), Advanced Engineering Mathematics, 8th ed., John Wiley (New
York).
O'Neil, P.V. (1995), Advanced Engineering Mathematics, 4th ed., PWS-Kent Pub.
(Boston).



1.2.4.8 Suggested responses to self-assessment

1.2.5 Learning Outcome No.5 Carry out Binomial Expansion

1.2.5.1 Introduction to the learning outcome

This learning outcome specifies the content of competencies required to carry out
binomial Expansion. It includes; Binomial theorem Power series using binomial
theorem Roots of numbers using binomial theorem and Estimation of errors of small
changes using binomial theorem.

1.2.5.2 Performance Standard

5.1 Roots of numbers are determined using binomial theorem.
5.2 Errors of small changes are determined using binomial theorem

1.2.5.3 Information Sheet
a) Carry out Binomial expansion

Binomial is a formula for raising a binomial expansion to any power without lengthy
multiplication. It states that the general expansion of (a + b)™ is given as

—2,2 -3,3
n(n-1)a" ?p " nn-1)(n-2)a™ 3b +
2! 3!

(a+b)" =a™b® + na™ n' +
Where n can be a fraction, a decimal fraction, positive or negative integer.
Example- 1

Use binomial theorem to expand (2 + x)3

Solution

n(n—l)Z('JL"'Zb2 n n(n—l)(ns—'z)a"‘3b3+

A=2b=xandn =3

(a+b)" =a™b® + na™ n' +

3(3-1)21x2 3(3_1)(3_2)20x3+

(24 x)3 =23x"+32%2x1 + Y Y

=18+ 12x + 6x? + x3

For more examples on positive power refer to Technician Mathematic Book by J.O Bird.

b) Binomial theorem for any index

It has been shown that

n(n-1)

2!

1+x)"=1+nx+ x%+....

The series may be continued indefinitely for any value of n provide —1<x <1

Example -1



Use the binomial theorem to expand i in ascending power of x as far as the term in x3.
Solution :

Since i may be written(a — x + x) 1, the binomial theorem may be used. Thus

(1—2)7" =14 1(-x) + = 2x? + =

1
—=14+x+x>+x3+-
1—x

Provided -1 <x < 1

¢) Practical application of binomial theorem

Example- 1

The radius of a cylinder is reduced by 4% and its height increased by 2%. Determine the
appropriate percentage change in its volume neglecting products of small quantities.

Solution
Volume V = tr2h
Let original values be, radius = r
Height = h
New values radius = (1 — 0.04)r
Height = (1 + 0.02)h
New volume =m(1—0.004)?r%2(1 + 0.04)h)
Using binomial theorem, (1 — 0.04)? = 1 — 2(0.04) + (0.04)?2 = 1 — 0.08
=nr?h(1 — 0.08)(1.02) = nr?h(0.94)

_(0.94-1)100%
1

Percentage change =—-6%

The new volume decreased by 6%

d) Estimation of errors of small changes using binomial theorem.

Example-1

An error of +1.5% was made when measuring the radius of a sphere. Ignoring the
products of small quantities, determine the approximate error in calculating ;

(1) the volume and

(i) the surface area.



(i) Volume of sphere, V=§r[ rs
New volume = 2 7 (1.015r)° = 2 (1 + 0.015)° = = m® [(1 + 3(0.015)] = = mr’(1 +
0.015)3

= 1.045V
i.e., the new volume has increased by 4.5%

(i) Surface area of sphere, A = 4xr?
New surface area = 4n(1 + 0.015)%r2 = 4nr’[1 + 2(0.015)]= 4nr?(1 + 0.03)
=1.03A
i.e., the surface area has increased by 3%

Example -2

The radius of a cone is increased by 2.7% and its height reduced by 0.9%. Determine the
approximate percentage change in its volume, neglecting the products of small terms.
Solution;

Volume of cone = g nr? h
New volume = § m(1+0.027)?r? (1—0.009) h = § nr? h (1 + (2)0.027-0.009)
=~ mh (1 +0.045)

i.e., 104.5% of the original volume
Thus, the approximate percentage change in volume is an increase of 4.5%

1.2.5.4 Learning Activities
Learning Outcome No.5: CARRY OUT BINOMIAL EXPANSION

Learning Activities Special Instructions
Determining roots of numbers using Carryout various exercises in
binomial theorem order to gain confidence in

- Binomial numbers
Determining errors and small changes

using bionomical theorem

1.2.5.5 Self-Assessment

1
(4—x)2

1. Expand in the scending powers of x as far as x3, using the binomial theorem.



2. Show that if higher power of x are neglected

1+x_1+ +x2
1—x 7577
bl3

3. The second moment of area of a rectangular section through its centroid is given byE.

Determine the appropriate change in the second moment of area if b is increased by 3.5%
and [ is reduced by 2.5%

1.2.5.6 Tools, Equipment, Supplies and Materials for the specific learning outcome

e HELM - Helping Engineers Learn Mathematics Workbooks
e SIGMA - Summary sheets covering key areas in Mathematics
e Lecture Notes - For the engineering analysis modules

e Links to (online) textbooks available in the LIS

e Links to external sites

1.2.5.7 References
Greenberg, M.D. (1998), Advanced Engineering Mathematics, 2nd ed., Prentice Hall
(Upper Saddle River, N.J).

Hildebrand, F.B. (1974), Introduction to Numerical Analysis, 2nd ed., McGraw-Hill
(New York).

Hildebrand, F.B. (1976), Advanced Calculus for Applications, 2nd ed., Prentice-Hall
(Englewood Cliffs, NJ).

Hoyland, A., Rausand, M. (1994), System Reliability Theory: Models and Statistical
Methods, John Wiley (New York).

Kaplan, W. (1984), Advanced Calculus, 3rd ed., Addison-Wesley (Cambridge, MA).

Kreyszig, E. (1999), Advanced Engineering Mathematics, 8th ed., John Wiley (New
York).

O'Neil, P.V. (1995), Advanced Engineering Mathematics, 4th ed., PWS-Kent Pub.
(Boston).

1.2.5.8 Suggested responses to self-assessment

1

Q1. Expand G in the scending powers of x as far as x3, using the binomial theorem.
Solution -
1 1 1

@ TREE w0



-0

Using the expansion of (1 + x)"

(4—1x)2 - 1_16 (1 N E)_Z

— 111+ (-%) +w(_5)2 +M(_£)3 4]

2! 4 3! 4

=—(1 +—+—+—.....) ans

Q 2. Show that if higher power of x are neglected

1+x_1+ +x2
1—x XT3

Solution:

The binomial theorem says that, if r is any real number and | x | < 1,then

(1+x)" =1+rx+ T(TZ_'l)x2 + T(T_lgl(r_z)x‘?’ + .-

Since is close enough to zero so that its cube and higher powers can be neglected,
this can be shortened to say that;

(1427~ 1+rx+ 7252
Now, as can write

1+x

— =1+ x)%x (14 x)™"%

We can therefore use the binomial theorem to say that ;
1 1 1
= z<1+%x+¥x2>x<1+( )( x) + ( )( x)>
=(1+%x—%x2)><(1+%x+§x2)
1 1 3 1 1
<1+ (G+y)x+ G-
x2
= 1+x+7 ans

. The second moment of area of a rectangular section through its centroid is given by%

Determine the appropriate change in the second moment of area if b is increased by
3.5% and [ is reduced by 2.5%

Solution -
New values of b and | are (1+ 0.035)b and (1- 0.025)I respectively



New second moment of area ;

= —[(1+0.035)b][(1 - 0.025)]]?

12

=2 (1+0.035) (1 - 0.025)°
3
R % (1+40.035) (1 —0.075) ,neglecting power of small terms
3
R % (1+40.035—-0.075), neglecting products of small terms

3 3
A % (1 —-0.040) or (0.96) % I.e. 96% of the original second moment of are.

Hence the second moment of area is reduced by approximately 4%

1.2.6 Learning Outcome No.6 Apply Calculus

1.2.6.1 Introduction to the learning Outcome

This learning outcome specifies the content of competencies required to Apply
calculus. It includes; Definition of derivatives of a function, Differentiation from first
principle, Tables of some common derivatives, Rules of differentiation, Rate of change
and small change, Stationery points of functions of two variables, Definition of
integration, Indefinite and definite integral, Methods of integration application of
integration and Integrals of hyperbolic and inverse functions.

1.2.6.2 Performance Standard
6.1 Derivatives of functions are determined using Differentiation.
6.2 Derivatives of hyperbolic functions are determined using Differentiation
6.3 Derivatives of inverse trigopnometric functions are determined using Differentiation
6.4 Rate of change and small change are determined using Differentiation.
6.5 Calculation involving stationery points of functions of two variables are performed
using differentiation.
6.6 Integrals of algebraic functions are determined using integration
6.7 Integrals of trigonometric functions are determined using integration
6.8 Integrals of logarithmic functions are determined using integration
6.9 Integrals of hyperbolic and inverse functions are determined using integration.

1.2.6.3 Information Sheet
Calculus is a branch of mathematics involving calculations dealing with continuously
varying functions. The subject falls into two parts namely differential calculus
(differentiation) and integral calculus (integration)

a) Differentiation
The central problem of the differential calculus is the investigation of the rate of change
of a function with respect to charges in the variables on which it depends.



% Differentiation from first principles.
To differentiate from first principles means to find f’(x) using the expression.

vy v [fx+6x)
1) = Jim, {T}

5x - 0 {+ —(Hg?x_f (x)}

fG) = x?
flx +6x) = (x +6x)%? = x? + 2x6x + 6x2
flx+6x)— f(x) =x%+2x6x + 6x? — x?
=2x6x + 6x?

flx+6x)— f(x)  2x6x + Sx?
ox B ox

=2x + Ox

Asdx—>0,W—>2x+0

X

s F(x) = lim ([EFe0-F0)_
f(x)_¢slglcr—r>lo{ éx } 2x

At x = 3, the gradient of the curve i.e f'(x) =2(3) = 6
Hence if f(x) = x2, f'(x) =2x.The gradientatx = 3 is6

e Methods of differentiation
There are several methods used to differentiate different functions which include:

(i) Product Rule

(i) Quotient Rule
(iii) Chain Rule
(iv) Implicit Rule

Example: 1
Determine dy/dx given that y = x2Sinx

Solution;

d d
From product rule: uv(x) = u= +v =
dx dx

u = x?and v = Sinx

du dv
— =2x — = (Cosx
dx dx



Z—z = x%(Cosx) + Sin (2x)

=x%Cos x + 2x Sin x

x2+1
y=

x—3

Soln. Using Quotient